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Motivation
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Fiber network = fiber-fiber interactions + single fiber segments

Microstructure of paper materials Beam network representation

Not understood

(Tojaga et al., 2021)



Why use ED-FEM for fracture of beams? 
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• Computational efficiency due to one-dimensional continuum nature of beam

• Coupled multi-field problem much like phase field modeling 

Incorporates a fracture process zone (FPZ) into a continuum

Independent of characteristic length scale parameter because the FPZ is a point: ℎ𝑥𝑑 → 0

(Ehrlich & Armero, 2005)



Theory of strong discontinuities
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𝒖 = 𝒖𝑠 + 𝐻 𝑥 𝝃

Generalized displacement field of beam

Enhanced displacement field of beam

Jump at mid-point 𝑥𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡 of beam

Heaviside step function: 𝐻 𝑥 = ൝
0; 𝑥 > 𝑥𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡
1; 𝑥 ≤ 𝑥𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡



Enhanced strain field

tojaga@kth.se 5/13

𝜺 = 𝑩𝒅 + 𝑮𝝃 + 𝛿𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡𝝃

Strain-displacement matrix 𝑩 and nodal displacement vector 𝒅

Enhanced strain field of beam

Dirac delta function: 𝛿𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡 =
𝜕𝐻 𝑥

𝜕𝑥

Jump 𝝃 interpolation matrix 𝑮 = −𝑰/𝐿𝑏𝑒𝑎𝑚

After some derivation we arrive at: 

Bulk material Discontinuity



Internal virtual work
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𝛿𝑤𝑖𝑛𝑡 = න
𝐿𝑏𝑒𝑎𝑚

𝛿𝜺𝑇𝝈𝑑𝑥

= 𝛿𝒅𝑇 න
𝐿𝑏𝑒𝑎𝑚

𝑩𝑇𝝈𝑑𝑥 + 𝛿𝝃𝑇 න
𝐿𝑏𝑒𝑎𝑚

𝑮𝝈𝑑𝑥 + 𝝈𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡

Standard FEM

Enhanced

Residual at discontinuity ത𝒓𝑒 = 𝟎→ Local equilibrium: 𝝈𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡 = 𝝈



Linearization of internal force and local 
equilibrium
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Δ𝒇𝑖𝑛𝑡 = න
𝐿𝑏𝑒𝑎𝑚

𝑩𝑇Δ𝝈𝑑𝑥

= න
𝐿𝑏𝑒𝑎𝑚

𝑩𝑇𝑪𝑩𝑑𝑥Δ𝒅 + න
𝐿𝑏𝑒𝑎𝑚

𝑩𝑇𝑪𝑮𝑑𝑥Δ𝝃

න
𝐿𝑏𝑒𝑎𝑚

𝑮𝑇Δ𝝈𝑑𝑥 + Δ𝝈𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡

= න
𝐿𝑏𝑒𝑎𝑚

𝑮𝑇𝑪𝑩𝑑𝑥 + 𝑪𝑩 Δ𝒅 + න
𝐿𝑏𝑒𝑎𝑚

𝑮𝑇𝑪𝑮𝑑𝑥 + 𝑯 Δ𝝃

𝑲𝑑𝑑 𝑲𝑑𝜉
𝑲𝜉𝑑 𝑲𝜉𝜉

Δ𝒅
Δ𝝃

=
𝒓𝑒

ത𝒓𝑒 = 𝟎

(𝑲𝑑𝑑−𝑲𝜉𝑑𝑲𝜉𝜉
−1𝑲𝜉𝑑)Δ𝒅 = 𝒓𝑒

Implementation is non-

positive definite



Proposed staggered scheme
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𝑲𝑑𝑑Δ𝒅 = 𝒓𝑒 = 𝒇𝑒𝑥𝑡 −න
𝐿𝑏𝑒𝑎𝑚

𝑩𝑇𝝈𝑑𝑥 ; 𝝈 = 𝝈 𝒅𝑛, 𝝃𝑛−1

If 𝒓𝑒 = 𝟎, equilibrium, else perform Gauss point computation of 𝝃𝑛



Constitutive model
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Assumption: Elastic unloading in bulk material

Before failure:

Yield criterion: Φ𝑌 = 𝜎 − [𝜎𝑌 + 𝐾𝛼]

Yield stress resultant 𝜎𝑌

Hardening modulus 𝐾

Hardening variable 𝛼

At failure and beyond:

Bulk material: 𝝈 = 𝑪 𝑩𝒅 − 𝜺𝑝 + 𝑮𝝃

Elastic structural stiffness 𝑪

Strain in bulk material 𝑩𝒅 + 𝑮𝝃

Failure criterion: Φ𝐹 = 𝜎 − [𝜎𝐹 + 𝐻𝛽]

Failure stress resultant 𝜎𝐹

Softening modulus 𝐻

Softening variable 𝛽

Local equilibrium: 𝝈𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡 = 𝝈



Mesh independence
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Dense fiber network
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Sparse fiber network
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Fiber failures do contribute to the nonlinear stress-strain response of fiber networks!



Summary
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1) Robust staggered scheme for ED-FEM applied to fracture of beam structures

2) Implementation in commerical finite element software (ANSYS)

3) FORTRAN source code freely available
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